Second-order nonlinear optical interactions, including second harmonic generation (SHG) and sum-frequency generation (SFG), can reveal a wealth of information about chemical, electronic, and vibrational dynamics at the nanoscale. Here, we demonstrate a powerful and flexible new approach, called phase-modulated degenerate parametric amplification (DPA). The technique, which allows for facile retrieval of both the amplitude and phase of the second-order nonlinear optical response, has many advantages over conventional or heterodyne-detected SHG, including the flexibility to detect the signal at either the second harmonic or fundamental field wavelength.
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Second harmonic generation (SHG) and sum-frequency generation (SFG) microscopy are powerful tools for characterizing structure and dynamics in low-dimensional materials, biological tissues, and at interfaces between centrosymmetric media. [1] [2] [3] [4] [5] [6] However, conventional SHG imaging reveals only the squared magnitude of the second harmonic field -not its phase. [1] [2] [3] [4] [5] To overcome this limitation, phase-sensitive variants of SHG and SFG microscopy, based on the principle of heterodyne detection, have been developed; [7] [8] [9] [10] [11] [12] [13] examples include interferometric SHG (I-SHG) microscopy [7] [8] [9] [10] and second-harmonic digital holographic microscopy. 10, 13 In heterodyne SHG, a second harmonic signal field is generated within the sample and then mixed with a reference field to retrieve its amplitude and phase. In our previous work, 14 we
showed that when an optical field and its second harmonic are temporally coincident within the sample -as is sometimes the case in I-SHG 8-11, 15, 16 -the interaction can also be described as stimulated SHG or parametric amplification. Significantly, we showed that the direction of power flow between the two input fields can be changed by varying the relative optical phase.
Here, we take advantage of the phase sensitivity of second-order nonlinear optical interactions by introducing a high-frequency phase modulation scheme, which produces an intensity modulation in the output beams that can be detected using a standard silicon photodiode and lock-in amplifier. The resulting technique, which we refer to as phase-modulated degenerate parametric amplification (DPA), can retrieve both the magnitude and phase of the second-order nonlinear optical response. The method can be implemented under ambient lighting conditions, is compatible with high-speed laser scanning systems, and provides the enabling option to detect the signal at either the fundamental or second harmonic frequency. Moreover, the use of 100 fs duration laser pulses renders the technique amenable to spatially resolved ultrafast spectroscopy.
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We demonstrate the utility of DPA microscopy by imaging multi-grain flakes of single-layer
MoS2 grown by chemical vapor deposition (CVD)
. 20 We successfully identify the absolute crystal orientation of each MoS2 domain and resolve grain boundaries with high signal contrast and sub-diffraction limited spatial resolution -information that is usually obtainable only by high-resolution electron microscopy.
Theoretical Foundation
The interaction of a fundamental field with its second harmonic in a nonlinear medium was first described by . 21 The two fields exchange energy according to the coupled equations, 
where u  and 2 u  are the normalized field amplitudes of the fundamental and the second harmonic fields,  is a normalized propagation distance that depends on the second-order nonlinear susceptibility (2)  , and 2 2      is a defined relative optical phase. 21, 22 When only the fundamental field is incident on the sample, spontaneous SHG occurs. When 2 u  is non-zero, the incident second harmonic field stimulates either second harmonic generation (SHG) or difference frequency generation (DFG), depending on the relative optical phase of the fundamental and second harmonic fields.
14 As a result, the incident fundamental field is either amplified or attenuated by power transfer from (to) the second harmonic field as the relative optical phase is cycled. This interaction is known as degenerate parametric amplification -a specific case of optical parametric amplification (OPA) wherein the signal and 5 idler frequencies are degenerate. 22 As a parametric process, no energy is exchanged with the sample itself, and either beam can be detected to retrieve information about the sample.
The salient difference between DPA and heterodyne-detected SHG is the location of the optical interaction. Classically, heterodyne detection (or second harmonic interferometry) 7-10 is described as optical interference at the detector, whereas parametric amplification (or stimulated SHG) 14 is described as nonlinear wave mixing within the sample. As a result, DPA leads to depletion or amplification of the residual fundamental field, whereas heterodyne SHG does not.
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Phase-Modulated Degenerate Parametric Amplification Microscopy
The phase-modulated degenerate parametric amplification (DPA) microscopy technique, as illustrated schematically in Fig. 1 , is performed by rapidly oscillating the relative optical phase between co-incident  and 2 fields so that power transfer changes direction at MHz frequency. The transmitted (or reflected) laser power of the fundamental (λ = 830 nm) or second harmonic (λ = 415 nm) beam is detected using a standard photodiode, and the magnitude and phase of the DPA signal is retrieved using a lock-in amplifier.
We found that high-frequency phase modulation overcomes difficulties associated with lowfrequency phase noise from vibrations, air currents, and other instabilities on the optical The excellent signal contrast achievable with DPA microscopy is demonstrated on a singlelayer MoS2 flake, shown in Fig. 1c-d . For these measurements we used cross-polarized fundamental and second harmonic laser pulses (~110 fs) generated by a Ti:sapphire laser and detected the residual fundamental field intensity in transmission mode using a silicon photodiode. 
Phase-Sensitive Imaging of MoS 2
One of the most critical challenges in characterizing two-dimensional materials is unambiguous determination of the absolute crystal orientation. 24 This information is essential for the fabrication of anisotropic 2D heterostructures and devices, 25 and for the understanding of 2D materials growth processes. 26 In addition, grain boundaries themselves provide opportunities for the discovery of novel physical phenomena. [27] [28] [29] 1, 36 where the coordinate system is defined with respect to the MoS2 atomic lattice as shown in Fig. S5 . For the case of crosspolarized fundamental and second harmonic fields, the change in fundamental field intensity is given by (see Supplementary Note 2),
cos (3 ) sin(2 )
where  denotes the orientation of the MoS2 crystal with respect to the fundamental field polarization, as illustrated in In lower-symmetry materials, DPA can be used to determine each component of the full nonlinear susceptibility tensor. Each combination of wave vector (with respect to a defined crystal axis), fundamental field polarization, and second harmonic polarization can be chosen to isolate a specific (2)  matrix element.
14 By systematically varying the crystal orientation and input field polarizations, the complete second-order nonlinear susceptibility tensor can be mapped. This approach can be extended to surface and interfacial phenomena in centrosymmetric media, too.
In Fig. 3 , we characterize a CVD-grown monolayer MoS2 flake composed of multiple crystal grains with varied orientation. The DPA amplitude and phase maps are shown in Fig. 3a and b.
The combined amplitude and phase information was used to determine the absolute orientation of each crystal grain relative to the polarization of the incident fundamental field, as shown in 
DPA imaging of grain boundaries
We demonstrate the capability of resolving grain boundaries with high signal contrast and spatial resolution using DPA microscopy. In Fig. 4 , we show DPA amplitude and phase maps in the vicinity of a mirror twin boundary in a monolayer MoS2 flake. The magnitude of the DPA signal scales as DPA offers additional advantages over polarized SHG or heterodyne SHG. First, the signal is contained in both the fundamental and harmonic fields, so that either beam can be detected as experimental circumstances necessitate. This is particularly useful if the sample, solvent, or substrate is highly scattering or absorptive at the second harmonic wavelength. Furthermore, the signal intensities are large enough to be detected with a standard silicon photodiode under normal room lighting, and the high-frequency phase modulation scheme enables phase-sensitive measurements to be performed in laboratory environments that do not have sufficient passive phase stability for interferometry. Finally, high-frequency (MHz) phase modulation and lock-in 13 detection is compatible with high-speed laser scanning microscopes. Wide-field signal acquisition could also be achieved (without raster scanning the laser spot) by using microlens arrays with chip-integrated lock-in pixels or tuned amplifier arrays. 38, 39 Beyond 2D materials characterization, we expect DPA to find use in bioimaging, interfacial spectroscopy, and ultrafast microscopy.
3-5, 17, 18 For spatial mapping, the sample was scanned relative to the stationary focal point using a piezo stage (P-545.xR8S PI nano XY Piezo System, Physikinstrumente). For the sample rotation dependent experiments, a motorized precision rotation stage (PRM1Z8, Thorlabs) was used.
Materials and Methods
Phase
A function generator (4063, BK Precision) generated the saw-tooth wave for the EOM driver (Model 275, Conoptics) and supplied the reference signal for the lock-in amplifier. The EOM was a potassium dideuterium phosphate (KD*P) phase modulator (M350-160 phase, Conoptics).
To minimize phase noise, the separated beam paths (dual beam paths from separator to combiner, including the EOM) were placed inside a homemade box to minimize the effects of external disturbances. Inside the box, the EOM was placed on a water-cooled breadboard (Thorlabs) fed by a re-circulating chiller (Coherent).
MoS2 monolayer chemical vapor deposition (CVD)
. 20 The growth substrate was a 285nm
SiO2/Si wafer, cleaned by deionized water, acetone, and isopropyl alcohol sequentially before growth. Perylene-3,4,9,10-tetracarboxylic acid tetrapotassium salt (PTAS) molecules were used as the seeding promoter and two additional clean SiO2/Si substrates were coated with PTAS as seed reservoirs. The growth substrate was then suspended between those two PTAS seed reservoirs. All of these substrates were faced down and placed on a crucible containing a molybdenum oxide (MoO3, 99.98%) precursor. This MoO3 precursor was put in the middle of a 1 inch quartz tube reaction chamber and another sulfur powder (99.98%) precursor was placed upstream, 14 cm away from MoO3 precursor, in the quartz tube. Before heating, the CVD system was purged using 1000 sccm of Ar (99.999% purity) for 5 min, and then 20 sccm of Ar was flowed into the system as a carrier gas. Next, the temperature of the reaction chamber was increased to 625 °C at a rate of 30 °C min −1 . The monolayer MoS2 was synthesized at 625 °C for 3 min under atmospheric pressure. The temperature at the position where the sulfur was located was ~ 180 °C during growth. Finally, the system was cooled down to room temperature quickly using an electric fan. During the cooling process, 1000 sccm Ar flow was introduced to remove the reactants, preventing further unintentional reactions.
MoS2 transfer process. The CVD-grown monolayer MoS2 was transferred onto transparent
glass for all the optical measurements by a wet transfer process. First, poly-methylmethacrylate (950 PMMA A4) was spin-coated (4000 rpm for 1 min) onto the as-grown monolayer MoS2 samples. Next, the PMMA/MoS2/SiO2/Si stack was placed in an aqueous KOH solution, and the solution was then heated up to 85 C. After the SiO2 layer was etched away, the PMMA/MoS2 stack was separated from the substrate and remained floating on the solution. The PMMA/MoS2 film was then placed in distilled water using a glass slide for 20 min to remove the KOH residue.
This rinsing step was repeated three times. After that, the PMMA/MoS2 film was transferred onto a transparent glass substrate, and was then baked at 80 C for 10 min and 130 C for another 10 min. This baking step can remove moisture and enhance the adhesion between MoS2 and the substrate. Finally, the PMMA/MoS2/glass stack was immersed in acetone for 12 hr to remove the PMMA layer.
Supporting Information
Supporting Information available: mathematical description of the lock-in signal and its dependence on the optical phase; nonlinear wave mixing in MoS2; determining the absolute MoS2 crystal orientation; signal contrast comparison between DPA microscopy and conventional SHG; spatial resolution of the instrument; optical layout and electronic components.
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Supplementary Note 1: Mathematical description of the lock-in signal and its dependence on the optical phase
A lock-in amplifier takes an input signal s(t), multiplies it by a reference signal, and integrates over a certain time to extract a signal with the same frequency as the reference. Two-phase lockin amplifiers can extract both the amplitude and relative phase of the input signal. For a sine wave reference integrated over a full 2π cycle, the lock-in output is:
where sin( ) t is the reference, () st is the input signal, R is the lock-in amplifier output amplitude, and  is the lock-in amplifier output phase, which is the phase difference between the signal and reference.
For a thin (0.1 mm) BBO crystal or monolayer MoS2, perfect phase matching condition applies, and the relative optical phase of the interacting fields does not depend on the propagation distance through the sample. The fundamental and harmonic fields exchange energy according to is the normalized propagation distance through the nonlinear medium. l is the characteristic distance over which the two fields exchange energy, which is much longer than the sample thickness being studied. Solving Eq. S(2), we find that the signal input to the lock-in amplifier varies according to the relations, 
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which tells us how the signal s(t) depends on the functional form of the optical phase modulation, () t  . By inspection, we see that a linear variation of the optical phase () t  will result in a sinusoidal variation of the fundamental or harmonic field intensity.
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For the phase modulation scheme to be stable, the lock-in output signal must not be sensitive to slowly drifting (DC) optical phase differences between the fundamental and harmonic fields. If the signal () st has a sine form, the lock-in output is 
indicates that in this case the lock-in amplifier amplitude output is not sensitive to the arbitrary input phase  , which in reality could drift due to fluctuation of experimental conditions, such as temperature and some mechanical factors. If A ≠1, R changes with  , as shown in Fig. S1 .
A =1 means the phase modulation () t  is a linear 2 modulation, as shown in Fig. S1b . Figure S1d shows the dependence of R on A and  . 
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In Fig. S2 , we compare simulations and experiment results for the saw tooth wave phase modulation. We introduced the phase  by a static bias from the EOM driver. The phase modulation depth was adjusted by the amplitude of the saw-tooth wave, which was generated by a function generator, and amplified by the EOM driver. In practice, a stable lock-in amplitude required a slightly higher modulation depth than 2 , as shown in Fig. S2 , due to bandwidth limitations of the EOM.
An ideal saw tooth wave is composed of an infinite number of higher-frequency sine components,
which cannot be realized in practice due to bandwidth limitations of the EOM driver. We found that including Fourier components up to k = 20 in our simulations gave good agreement with the experimental results (Fig. S2 ). 
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Simulations and experimental results showed that a simple sine wave modulation of the optical phase was not robust against slowly drifting phase variations (Fig. S3) . Experiments were performed using a potassium dideuterium phosphate (KD*P) phase modulator with crystal dimensions of 3.5 × 3. Monolayer MoS2 has D3h symmetry and its second-order nonlinear susceptibility tensor has nonzero elements of
, where the crystalline coordinate is illustrated in Fig. S4a . 1, 5, 6 For conventional polarized SHG, the generated second harmonic field perpendicular (parallel) to the incident fundamental field is For the case of degenerate parametric amplification, both the fundamental and second harmonic fields are incident. Taking the same symmetry information as above, the field amplitude and intensity changes can be calculated as: 
where E and  are the amplitude and phase of the fields labeled with the frequency and the direction. 
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Supplementary Note 3: Determining the absolute MoS 2 crystal orientation
While determination of the relative crystal orientation -including mirror symmetry domains and twins -is easily accomplished by rotating the sample (or polarization) and using a theoretical curve like the one shown in Fig. 2h , determination of the absolute crystal orientation requires an additional step. For instance, Fig. S6 shows two possible correlations between the DPA signal phase (i.e. lock-in phase) and the MoS2 crystal orientation. Determination of the absolute crystal orientation can be accomplished by calibrating the lock-in phase using a known standard (such as a BBO crystal). For the case of the multi-grain MoS2 flake shown in Fig. 2c (reproduced here as Fig. S7 ), we were aided by the additional knowledge that molybdenum terminated edges tend to exhibit sharp straight lines, unlike sulfur terminated edges (compare the edges of grains I and II, for example). 7 Using this information, we determined that a lock-in phase of 180° (blue color) corresponds to 30 30     , shown on the left in Fig. S6 . We could then assign the crystal orientation of grain I as 57° relative to the polarization direction of the fundamental field (830 nm), and the crystal orientation of the other grains could be determined by their amplitude and phase, with the help of the theoretical curve shown in Fig. 2h . Determining the orientation of grains V, VI, and VII -which are not maximum DPA amplitude domains -was aided by rotating the sample ±5º to assign each grain's unique position on the curve. A function generator (4063, BK Precision) generated the saw-tooth wave for the EOM driver (Model 275, Conoptics) and supplied the reference signal for the lock-in amplifier. The EOM was a potassium dideuterium phosphate (KD*P) phase modulator (M350-160 phase, Conoptics). To minimize phase noise, the separated beam paths (dual beam paths from separator to combiner, including the EOM) were placed inside a homemade box to minimize the effects of external disturbances. Inside the box, the EOM was placed on a water-cooled breadboard (Thorlabs) fed by a re-circulating chiller (Coherent).
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We note that, in principle, it should not matter which beam passes through the EOM; phase modulation of one beam will result in intensity modulation of both beams. However, we obtained better performance when we detected the beam that did not pass through the EOM, as illustrated in Fig. S11 . Detecting the beam that passed through the EOM always resulted in higher signal background levels, possibly due to imperfections of the EOM or from intrinsic effects like the b S13 piezoelectric effect or the elastooptic effect, which could manifest as very small intensity modulations. 
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Supplementary Note 7: Sensitivity of the technique
In Fig. S12 , we compare the signal-to-background ratio for our laboratory implementation of DPA to shot-noise-limited (i.e. background-free) conventional SHG. In our laboratory comparison, the signal-to-noise performance of SHG exceeds that of DPA due to additional electronic noise sources in the DPA measurement. Additionally, we observe a difference in signal-to-noise ratio between 415 nm detection and 830 nm detection. Equation S3 indicates that the amplitude of the lock-in signal should be the same for detection of the fundamental (λ = 830 nm) and detection of the second harmonic (λ = 415 nm). The observed difference in the signalto-noise performance when detecting at 830 nm vs. detecting at 415 nm is attributed to the wavelength dependence of the responsivity of the photodiode used for signal detection. The magnitude of the lock-in signal scales linearly with the photodiode responsivity as long as the amplifier is not saturated. 
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Figure S14. Shot noise limited optimal SHG detection. Shot noise limitation is that the signal (mean value) to noise (standard deviation) ratio is equals to square root of the signal (mean value). A linear fit gives a slope of 0.44, close to 0.5. The mean value is the photon counts number from the gated photon counter (SR 400, Stanford Research Systems.).
